ABSTRACT
INTRODUCTION
The prediction of splicing sites poses a challenge of machine learning from primary nucleotide sequences. The prediction not only contributes to gaining biological insight into splicing, but improves the accuracy of a gene finder, which is a gateway for virtually any type of sequence analysis.
Two types of splicing junctions are commonly called an acceptor (3' splice site) and a donor (5' splice site). Donor sites, with GT, correspond to the beginning of introns, while acceptor sites are their terminals with AG (GT-AG rule)
Ý . The present knowledge on these sites in vertebrates is the rough consensus patterns: 5'-AG GTAAGT-3' for donors, and 5'-YYYYYYNCAG -3' for acceptors (Mount, 1982) Þ . Inspired by this apparent consensus, many researchers attempted to predict splicing sites using weight matrices (Staden, 1986; Shapiro & Senapathy, 1987) , neural networks (Brunak et al., 1991) , and Markov models (Zhang & Marr, 1993; Salzberg, 1997) .
It is noteworthy that the linear-chain first-order Markov model shows a high prediction accuracy (Salzberg, 1997) . C. Burge, who investigated the dependence structure Ý We ignore the few exceptional splicing sites that do not obey this rule.
Þ , Y, and N denote the cleavage cite, a pyrimidine base T or C, and any of four bases, respectively. of splicing sites, made the following observations. (For detail, readers are referred to his review (Burge, 1998) .)
In acceptor sites, residuals depend on pyrimidines at adjacent positions.
In donor sites, almost three fourth of all residual pairs exhibit significant dependence.
A training set of several hundreds is not enough to estimate the transition parameters of higher-order Markov models.
From these observations, it is concluded that a first-order Markov model is not the best method, but rather a clever compromise to model splicing sites. As will be shown, both donors and acceptors have complex dependencies among all residuals, therefore, models that can consider distant correlations should be better for learning these sites.
The dilemma we face is that, despite the significant dependencies among most residual pairs in splicing sites, we cannot introduce a complex model without a large, high-quality data set. This impediment forced researchers to estimate correlations among only limited residual pairs.
One solution, proposed by Burge, is the Maximal Dependence Decomposition (MDD) method, which is basically a decision tree bifurcating at the most influential residuals. Since branching occurs only when statistically significant residuals are detected, this method can suppress the increase of model parameters, compared to higher-order Markov models, although it considers higher-order dependencies. Indeed, the MDD model showed an improvement over previous models, and its accuracy had been unrivaled until the appearance of the Bayes network model (Cai et al., 2000) . The Bayes model is obtained by (1) computing the correlations between all residuals, (2) finding the maximum spanning tree by linking positions of high correlations, and (3) computing the conditional probability for each linked position. The number of parameters is the same as in the linear-chain Markov model.
In this paper, we propose the use of Bahadur expansion (Bahadur, 1961) , a representation of the probability distribution in multiple orders of correlations. When truncated at the second order, it becomes the estimate of the original probability distribution requiring no more computation than first-order Markov models. Still, it is a more complex model than the Markov models, because it parameterizes all pair-wise correlations.
In computational experiments, its prediction accuracy was shown to surpass that of first-order Markov models, including the Bayes network variant, for the prediction of acceptor sites showing more complex correlations than donor sites in our data set. The learning cost of our method is Ç´Ñ ¾ Òµ, where Ò is the number of examples, each of length Ñ. Our model is trained much faster than support vector machines (SVMs), which require a quadratic programming problem of Ò ¢ Ò coefficient matrix.
SYSTEMS AND METHODS

Maximum Entropy Modeling
denote a sequence of length Ñ over the alphabet Ë. In the case of a DNA sequence, the cardinality of Ë is 4, where its residuals A,C,G,T are coded into integers 0,1,2,3, respectively. The purpose of probabilistic modeling is to obtain the underlying probability distribution of sequences Ô £´Ü µ from a finite number of examples Ü ½ Ü AE (Durbin et al., 1998) . A simplistic model is to construct the empirical distribution defined as
where Á denotes the indicator function whose value is 1 if the equation holds and is 0 otherwise. Except when the number of samples is close to infinity, however, Ô gives a very poor estimate of Ô £ . Typically, Ô gives a very sparse distribution whose value is 0 for most sequences. Therefore, Ô is usually smoothed to obtain a better estimate. In terms of information theory, this smoothing amounts to maximizing the entropy of distribution.
Ü To obtain a good estimate, it is important to determine how far it is maximized. Pushing it to its limit, for example, it ends up with a truly randomized distribution with maximum entropy. For this purpose, one must add constraints on Ô to prevent the entropy from growing too large. Typically, these constraints are derived from training samples. This probabilistic modeling technique is called "Maximum Entropy Modeling" (MEM) (Cover & Thomas, 1991 It is known that the optimal Ô belongs to the parametric family (Cover & Thomas, 1991) 
where ³ is a normalization constant determined so that È Ü Ô´Üµ ½ . When parameters and Û are determined so that the mean and correlation satisfy the constraints, Ô´Üµ gives the maximum entropy distribution.
This parametric model of distribution is known as Boltzmann machines in the neural network community (Hertz et al., 1991) . However, the exact determination of (in other words, "training of the Boltzmann machine") takes exponential time with respect to the sequence length Ñ (Hertz et al., 1991) . Therefore, approximation is necessary to obtain a suboptimal but acceptable solution.
Bahadur Expansion
For approximated training of Boltzmann machines, we adopt the Bahadur expansion of probability distribution (Bahadur, 1961; Humphreys & Titterington, 1999; Losee, 1994) . The aim of Bahadur expansion is to expand the logarithm of the empirical distribution Ô´Üµ into multiple orders of correlations as in the Fourier transformation. When this expansion is truncated at the second order, a suboptimally trained Boltzmann machine is obtained that gives good results in practice. In this section, the expansion is briefly introduced. For theoretical details, readers are referred to other literature (Humphreys & Titterington, 1999) .
For simplicity, let us assume that a sequence including A,C,G,T is readily coded into a binary sequence. By the sparse-coding scheme, A,C,G,T are coded as 1000, Then, from (5) we have
Each coefficient in (6) represents the followings:
where ´Üµ is defined in (5). Note that the coefficient Ö is the contribution of position to the distribution, and Ö captures distant pairwise correlations between position and . These coefficients include the sum over every possible
The other coefficients can be computed similarly.
Let us define ÐÓ Ô ¾ ´Üµ as the approximated expression of (6). In general, Ô ¾ is not a probability distribution, that is, È Ü Ô ¾ ´Üµ ½ . When normalized, however, Ô ¾ belongs to the parametric family of Boltzmann machines in (2).
In summary, Ô ¾ , the truncated Bahadur expansion, is an approximation of Boltzmann machine learning, which would otherwise take exponential time for its exact learning. Since it does not give the exact maximum entropy solution, the remaining question is its accuracy, and we will demonstrate its result in the following experiments. Thus, the learning cost of our method is the same as that for the Bayes network model, except for the quadratic cost for testing. This quadratic cost is inevitable as long as all pair-wise correlations are considered, meaning that our computational cost is optimal. In an ordinary situation, this quadratic term can be tolerated, since Ñ is relatively small (e.g. Ñ ½ in our experiment). When the number of examples Ò is very large, Ç´Òµ term dominates the computation. Note that other complicated learning methods may impose a much larger cost. For example, in SVM (Zien et al., 2000) , a quadratic programming problem of Ò ¢ Ò coefficient matrix must be solved for learning.
Computational Costs
IMPLEMENTATION
Data set
The performance of the three models for donor and acceptor sites was tested on three data sets: (Reese et al., 1997) , (Asai et al., 1998) , and (Kent & Zahler, 2000) , obtained from the www (Table1).
For each set, data were randomly partitioned into training data (90%) and test data (10%). Then, the loglikelihood ratio ÐÓ È ÔÓ×´Ü µ ÐÓ È Ò ´Üµ was computed in the three different models: the truncated Bahadur expansion, the Bayes network, and the linear-chain Markov model.
Results
Prediction accuracies of these methods are shown in tables from 2 to 7, formatted in the same style as that used by Cai et al (Cai et al., 2000) . Tables show the percentage of false-positives and false-negatives in the test sequences. Test data were classified by their log-likelihood computed in each model, according to the threshold determined by the ratio of false-negatives in the training data.
In two data sets (Tables 2 5) the Bahadur model showed better separation between positive and negative acceptors than did the Bayes network and the linearchain Markov models. The results of the two models were similar. For donors, however, the Bahadur model provided no advantage.
To further investigate this result, the absolute parameter values Û were plotted for the data set by Asai et al. (Figure 1 ). Here, Û was derived from Ö in (6) The value Û illustrates the contribution of Á´Ü ½µÁ´Ü ½ µ in the obtained probability distribution. (Reese et al., 1997) . The scores are averaged over 100 trials. The window size is 15 bases (including AG), beginning from the -10 position of the intron-exon boundary. In the figures, dark dots show high contribution to the probability distribution. They indicate that distant pairs have high contribution both in donor and accepter sites, and donor sites have a stronger correlation in their diagonal direction. This tendency contributed to the better performance of the linear-chain Markov model for donors. For acceptors, on the other hand, the Bahadur method scored better because it arrested their distant correlations.
For the large data set (Tables 6 7) , the Bahadur model provided no advantage.
DISCUSSION AND CONCLUSION
Splicing Site Prediction
In our experiment on Human data, the false-positive rates of acceptors were worse than those of donors. Although this relative difference agreed with already reported result (Cai et al., 2000) , the error rates were higher than the report, where most false-positive rates for the same experiment were less than 1%.
Since the error rates were reduced for the large data set on C. elegans, the high error rates are probably due to our data selection. One clear reason is that, for both splicing sites, only 15 base-pairs around the GT-AG signal were input to the learning models to compare their performance. This size may be too short especially for acceptors. It is reported in (Reese et al., 1997 ) that acceptors were better learned from 80 base-pairs using a neural network. Such a long region is not applicable for the Bahadur model, however, for its number of parameters to be learned becomes ¼ ¾ ¡ . Determination of an appropriate window size for learning is important for a practical application of our model.
Expansion Strategy
In this paper, the Bahadur expansion was not fully exercised because it can expand any real-valued function as in (5). The function was defined so that its truncated Table 5 . Learning results from 2139 positive and 4278 negative acceptors (Asai et al., 1998) . The scores are averaged over 100 trials. The window size is 15 bases (including AG), beginning from the -10 position of the intron-exon boundary. form corresponds to the learning of Boltzmann machines, but other choices are possible (Bahadur, 1961) .
For classification problems, the following definition is another possibility: respectively. Its prediction rates were sometimes better than the original expansion 6 (data not shown), but for this formula, we could not assign any theoretical meaning, such as the Boltzmann machines.
Theoretical Drawbacks
First, there is no performance guarantee on the approximation error of the truncated Bahadur expansion. Our experiments showed that its result is better than first-order Markov models in case of complex correlations, but this empirical conclusion on its performance needs theoretical confirmation. This is an important open problem.
The second theoretical problem concerns the validity of computing the log-likelihood ratio of the positive and negative models using the truncated Bahadur expansion, because the truncated result is not a probability distribution. (Kent & Zahler, 2000) . The scores are averaged over 10 trials. The window size is 15 bases (including GT), beginning from the -5 position of the exon-intron boundary.
Bahadur
Bayes The solution to these problems are prerequisites for engineering a good function for expansion, as well as for evaluating the classified results.
Conclusion
We introduced a new approximation method, using Bahadur expansion, for representing multiple correlations on sequences. The expansion can be applied to any real-valued function; this paper showed one example whose truncation corresponds to the approximated learning of the Boltzmann machine. Although its theoretical background is incomplete, our method is sound; it models probability distribution among all residuals. In the computational experiments on splicing sites, the Bahadur model predicted acceptors better than did Markov models because acceptors exhibited multiple correlations among residuals in our data set.
In general, if the training data are known to have higher order correlations, there is little reason to use Markov models, for they presume correlations only between adjacent positions. If enough data are provided, therefore, our model is more suitable than Markov models for biological sequences with complex correlations. Our strategy is similar to that of Agarwal and Bafna (Agarwal & Bafna, 1998) in this respect, but the implementation is as easy as for Markov models.
Since our model does not directly suggest a corresponding biological mechanism, locating major (or influential) correlations out of learned results is the important next step toward the elucidation of the hidden mechanism(s) behind splicing. Application to subtle signals other than splicing sites also adds another prospect to the Bahadur method.
